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a b s t r a c t
The b-chromatic number of a graph G, denoted by ϕ(G), is the largest integer k for which G
admits a proper coloring by k colors, such that each color class has a vertex that is adjacent
to at least one vertex in each of the other color classes. We prove that, for each d-regular
graph G which contains no 4-cycle, ϕ(G) ≥ ⌊ d+32 ⌋; and besides, if G has a triangle, then
ϕ(G) ≥ ⌊ d+42 ⌋. Also, if G is a d-regular graph that contains no 4-cycle and diam(G) ≥ 6,
then ϕ(G) = d+1. Finally, we show that, for any d-regular graph Gwhich does not contain
4-cycle and has vertex connectivity less than or equal to d+12 ,ϕ(G) = d+1.Moreover,when
the vertex connectivity is less than 3d−34 , we introduce a lower bound for the b-chromatic
number in terms of the vertex connectivity.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
All graphs considered in this paper are finite and simple (undirected, loopless, andwithoutmultiple edges). LetG = (V , E)
be a graph. A (vertex) coloring of G is a function fG : V (G)→ C such that, for each {u, v} in E(G), fG(u) ≠ fG(v). Each c in C is
called a color. Also, for each c in C , f −1G (c) is called a color class of fG. We say that v is colored by c if fG(v) = c. By χ(G) we
mean the minimum cardinality of a set C for which a coloring fG : V (G) → C exists. A b-coloring of a graph G is a coloring
fG : V (G)→ C such that, for each c in C , there exists some vertex v in V (G)which is colored by c and fG(NG(v)) = C \ {c}. In
other words, a coloring of G is called a b-coloring if each color class contains a vertex that is adjacent to at least one vertex
in each of the other color classes. Obviously, each coloring of G with χ(G) colors is a b-coloring. Also, if fG : V (G) → C is a
b-coloring, then |C | ≤ ∆(G)+ 1, where∆(G) denotes the maximum degree of G. The b-chromatic number of G, denoted by
ϕ(G), is the maximum cardinality of a set C such that a b-coloring fG : V (G)→ C exists. The concept of b-coloring of graphs
was introduced by Irving and Manlove in 1999 in [16], and it has received attention recently; for example, see [1–25].
Suppose that a graph G and a coloring fG : V (G)→ C are given. Vertex v in V (G) is called a color-dominating vertex (with
respect to fG) if fG(NG(v)) = C \ {fG(v)}. In other words, v is a color-dominating vertex if it is adjacent to at least one vertex
in each of the other color classes. We say that the color c realizes if there exists a color-dominating vertex which is colored
by c.
As mentioned before, for each graph G with maximum degree∆(G), ϕ(G) ≤ ∆(G)+ 1. Kratochvil et al., in [23], proved
that every d-regular graph G with at least d4 vertices satisfies ϕ(G) = d + 1. In [6], Cabello and Jakovac reduced d4 to
2d3 − d2 + d. These bounds show that, for each natural number d, there are only a finite number of d-regular graphs (up to
isomorphism) for which their b-chromatic numbers are not d+1. El Sahili and Kouider, in [12], asked whether it is true that
every d-regular graph G of girth at least 5 satisfies ϕ(G) = d+ 1. In this regard, Blidia et al., in [4], proved that the Petersen
graph results in a negative answer to this question. They proved that the b-chromatic number of the Petersen graph is 3,
and then conjectured that the Petersen graph is the only exception. They proved this conjecture for d ≤ 6.
Conjecture 1 ([4]). Every d-regular graph G of girth at least 5 which is not the Petersen graph satisfies ϕ(G) = d+ 1.
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In [19], Kouider proved that the b-chromatic number of any d-regular graph of girth at least 6 is d + 1. El Sahili and
Kouider, in [12], proved that the b-chromatic number of any d-regular graph of girth 5 that contains no 6-cycle is d + 1.
In [6], Cabello and Jakovac proved an interesting theorem for the b-chromatic number of regular graphs of girth 5, which
guarantees that the b-chromatic number of each d-regular graph with girth at least 5 is bounded below by a linear function
of d. They proved that a d-regular graph with girth at least 5 has b-chromatic number at least ⌊ d+12 ⌋. Also, they proved that,
for except small values of d, every connected d-regular graph that contains no 4-cycle and whose diameter is at least d has
b-chromatic number d+ 1.
In this paper, we discuss the b-chromatic number of d-regular graphs with no 4-cycles. First, in Section 2, we prove that
ϕ(G) ≥ ⌊ d+32 ⌋. This lower bound is sharp for the Petersen graph. Also, we prove that, if G has a triangle, then ϕ(G) ≥ ⌊ d+42 ⌋.
Then, in Section 3,we prove that diam(G) ≥ 6 implies thatϕ(G) = d+1,where diam(G) stands for the diameter ofG. Finally,
in Section 4, we show that, if κ(G) ≤ d+12 , then ϕ(G) = d + 1, where κ(G)means the vertex connectivity of graph G. This
upper bound for the vertex connectivity is sharp in the sense that the vertex connectivity of the Petersen graph is d+12 + 1,
although its b-chromatic number is not d+1. Then, we prove that, if κ(G) < 3d−34 , thenmin{2(d−κ(G)+1), d+1} ≤ ϕ(G).
Also, we introduce some sufficient conditions to achieve the maximum b-chromatic number d+ 1, whenever κ(G) < 3d−34 ,
and particularly when κ(G) < 2d−13 . Throughout the paper, for each nonnegative integer n, the symbol [n] stands for the set{i| i ∈ N, 1 ≤ i ≤ n}.
2. A lower bound
There are many d-regular graphs that contain 4-cycles and whose b-chromatic numbers are not d+ 1. The most famous
graphs with this property are complete bipartite graphs Kd,d whose b-chromatic numbers equal 2, independent of d. Cabello
and Jakovac, in [6], proved that the b-chromatic number of each d-regular graph with girth at least 5 is bounded below by a
linear function of d. They proved that a d-regular graph with girth at least 5 has b-chromatic number at least ⌊ d+12 ⌋. In this
regard, they proved the following lemma.
Lemma 1 ([6]). Let H be a bipartite graph with partitions U and V such that |U| = |V |. Let u∗ ∈ U and v∗ ∈ V . If, for each
vertex x in V (H) \ {u∗, v∗}, degH(x) ≥ |V |2 , degH(u∗) > 0, and degH(v∗) > 0, then H has a perfect matching.
With a slice refinement, we obtain the following lower bounds.
Theorem 1. Let G be a d-regular graph that contains no 4-cycle. Then ϕ(G) ≥ ⌊ d+32 ⌋. This lower bound is sharp for the Petersen
graph. Besides, if G has a triangle, then ϕ(G) ≥ ⌊ d+42 ⌋.
Proof. There is nothing to prove when d ∈ {0, 1, 2}. So let us suppose that d ≥ 3. Let v be an arbitrary vertex of G. Since G
contains no 4-cycle, the maximum degree of the induced subgraph of G on NG(v) is at most 1. Obviously, if d is odd, there
exists some vertex in NG(v) that is not adjacent to any vertices of NG(v).
If d is even, let v1, v2, . . . , vd be an arbitrary ordering of all elements of NG(v), and if d is odd, let v1, v2, . . . , vd be an
arbitrary ordering of all elements of NG(v) such that v d+1
2
does not have any neighbors in NG(v).
We color all vertices of NG(v)

(
⌊ d+12 ⌋
j=1 NG(vi)) by the colors of [d+ 1] such that, for each vertex u in {v}
{vi|1 ≤ i ≤
⌊ d+12 ⌋}, the set of colors that appear on NG(u)
{u} equals [d+ 1]. First, we color vertex v by color d+ 1, and, for each i in
[d], we color vi by color i. For each i in [d], define Vi := NG(vi) \ ({v}NG(v)), Ci := [d] \ (the set of colors that appear on
{vi}(NG(vi)NG(v))), and Si := {v}NG(v)(ij=1 Vj). Obviously, |Vi| = |Ci| = d− 1 or |Vi| = |Ci| = d− 2. Besides,
|Vi| = |Ci| = d − 2 if and only if |NG(vi)NG(v)| = 1. Since G contains no 4-cycle, for all natural numbers i and j in [d],
if i ≠ j, then Vi Vj = φ. Now, we follow ⌊ d+12 ⌋ steps inductively. For each i in [⌊ d+12 ⌋], at the i-th step, we only color all
vertices of Vi by all colors of Ci injectively. Suppose by induction that i ∈ [⌊ d+12 ⌋] and that, for each k in [i − 1], at the k-th
step, we have only colored all vertices of Vk by all colors of Ck injectively in such a way that the resulting partial coloring
on Sk is a proper partial coloring. Now, at the i-th step, we want to color only all vertices of Vi by all colors of Ci injectively
in such a way that the resulting partial coloring on Si is a proper partial coloring. We consider a bipartite graph Hi with one
partition Vi and the other partition Ci such that a vertex x in Vi is adjacent to a color c in Ci in graph Hi if and only if (in
graph G) x does not have any neighbors in Si already colored by c . Such a coloring of all vertices of Vi by all colors of Ci (as
mentioned) exists if and only if Hi has a perfect matching.
Let x be an arbitrary element of Vi. The set of neighbors of x in graph G that were already colored is a subset of
{vi}(i−1j=1 Vj). On the one hand, since G contains no 4-cycle, for each j in [i − 1], x has at most one neighbor in Vj. On
the other hand, the color of vertex vi does not belong to Ci. Therefore, degHi(x) ≥ |Ci| − (i − 1). Also, since, for each j in[i−1], vj sees all colors of [d+1] on its closed neighborhood, each color of [d+1] appears at most once on Vj. Therefore, for
each c in Ci, degHi(c) ≥ |Vi| − (i− 1). Hence, for each a in V (Hi), degHi(a) ≥ |Vi| − (i− 1). Since |Vi| ≥ d− 2, if 1 ≤ i ≤ d2 ,
then |Vi| − (i− 1) ≥ |Vi|2 . Therefore, degHi(a) ≥ |Vi|2 . If d2 < i ≤ ⌊ d+12 ⌋, then d is odd and i = d+12 . Since v d+12 does not have
any neighbors in NG(v), |V d+1
2
| = d− 1; therefore degHi(a) ≥ |V d+12 | − (
d+1
2 − 1) = d−12 = 12 |V d+12 | =
|Vi|
2 .
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So Lemma 1 implies that Hi has a perfect matching. We conclude that there exists a partial coloring on NG(v)

(
⌊ d+12 ⌋
j=1 NG(vi)) by all colors of [d + 1] such that each vertex in {v}
{vi|1 ≤ i ≤ ⌊ d+12 ⌋} sees all colors of [d + 1] on
its closed neighborhood. This partial coloring can be extended to a coloring fG : V (G) → [d + 1] greedily. In the current
coloring of G, all colors that are in the set [⌊ d+12 ⌋]
{d + 1} realize. If there exists a fixed color c in [d + 1] that does not
realize in this coloring, we introduce a new coloring that does not use c. Since c does not realize in the coloring fG, for each
vertex a in V (G) for which fG(a) = c , there exists a color, say e, in [d + 1] \ {c} such that a does not have any neighbors in
G colored by e. We replace the color of vertex a by color e (we recolor vertex a by color e). We obtain a resulting coloring
hG : V (G) → [d + 1] \ {c} such that, for each vertex v in V (G) \ f −1G (c), fG(v) = hG(v). Besides, if a vertex v is a color-
dominating vertex with respect to fG, then v is also a color-dominating vertex with respect to hG. Repeating this procedure,
there exists a b-coloring of Gwith at least ⌊ d+32 ⌋ colors; therefore ϕ(G) ≥ ⌊ d+32 ⌋.
Now, assume that G has a triangle. We prove that ϕ(G) ≥ ⌊ d+42 ⌋. If d is odd, there is nothing to prove, because ⌊ d+32 ⌋ =
⌊ d+42 ⌋. Consequently, we suppose that d is even. Choose a vertex v that is in a triangle. Let v1, v2, . . . , vd be an arbitrary
ordering of all elements of NG(v) such that {v1, v d+2
2
} ∈ E(G). There are not any edges between V1 and V d+2
2
; otherwise, v1
and v d+2
2
will be contained in a C4. Therefore, the degree of each vertex of H d+2
2
is at least (d − 2) − ( d+22 − 2) = 12 |V d+22 |,
as desired. 
3. Diameter
Cabello and Jakovac, in [6], proved that, for d ≥ 10, every connected d-regular graph that contains no 4-cycle and whose
diameter is at least d has b-chromatic number d + 1. In this section, we determine the b-chromatic number of d-regular
graphs that contain no 4-cycles and have diameter at least 6.
Theorem 2. Let G be a d-regular graph that contains no 4-cycle. If diam(G) ≥ 6, then ϕ(G) = d+ 1.
Proof. There is nothing to prove when d ∈ {0, 1, 2}. So suppose that d ≥ 3. Since diam(G) ≥ 6, there are two vertices v
andw of distance at least 6. In view of the proof of Theorem 1, there exists a partial coloring (using all colors of [d+ 1]) on a
subset A of vertices whose distances from v are at most 2, such that all colors that are in the set [⌊ d+32 ⌋] realize. Also, there
exists a partial coloring (using all colors of [d+1]) on a subset B of vertices that are at distance atmost 2 fromw, such that all
colors that are in the set [d+1] \ [⌊ d+32 ⌋] do realize. Since v andw have distance at least 6, there are not any edges between
A and B. Hence, these two partial colorings do not conflict; therefore they form a partial coloring on A

B that all colors of
[d+ 1] are realized. This partial coloring can be extended to a b-coloring of G greedily. Consequently, ϕ(G) = d+ 1. 
4. Vertex connectivity
The vertex connectivity of a graph G, denoted by κ(G), is the minimum cardinality of a subset U of V (G) such that G\U is
either disconnected or a graphwith only one vertex. It iswell known that, for each graphG, κ(G) ≤ δ(G), where δ(G) denotes
the minimum degree of G. In this section, we show that, if G is a d-regular graph that contains no 4-cycle and κ(G) ≤ d+12 ,
then ϕ(G) = d + 1. This upper bound for the vertex connectivity is sharp in the sense that the vertex connectivity of the
Petersen graph is d+12 +1, although its b-chromatic number is not d+1. Then, we introduce a lower bound for ϕ(G) in terms
of κ(G) when κ(G) < 3d−34 . Also, we investigate some sufficient conditions to achieve the maximum b-chromatic number
d+ 1 when κ(G) < 3d−34 , and especially when κ(G) < 2d−13 .
Theorem 3. Let G be a d-regular graph that contains no 4-cycle. If κ(G) ≤ d+12 , then ϕ(G) = d+ 1.
Proof. There is nothing to prove when d ∈ {0, 1, 2}. Also, Jakovac and Klavžar in [17] showed that the only cubic graph
whose b-chromatic number is not 4 and which contains no 4-cycle is the Petersen graph. Since the vertex connectivity of
the Petersen graph is 3, the proof is completed for d = 3. So suppose that d ≥ 4. Let U be a set of minimum cardinality such
thatG\U is either disconnected or a graphwith only one vertex. Obviously, |U| = κ(G). SinceG is not a complete graph,G\U
is disconnected. Let G1 and G2 be two distinct connected components of G\U . Since κ(G) ≤ d+12 < d, |V (Gi)| ≥ 2 (i = 1, 2).
For each i in {1, 2}, we prove that there exists some ai in V (Gi) such that there are not any edges between ai and U in graph
G. In this regard, we consider two cases, d ∈ {4, 6, 7, 8, 9, . . .} or d = 5.
Case (1): d ≥ 4 and d ≠ 5. There is nothing to prove when U = φ (or equivalently G is disconnected). So we consider the
case U ≠ φ. There exists some bi in V (Gi) such that |NG(bi)U| ≤ κ(G)+12 ; otherwise, since |V (Gi)| ≥ 2 and G contains no
4-cycle, the inclusion–exclusion principle implies that |U| > 2( κ(G)+12 ) − 1 = κ(G), a contradiction. Let U = {uj|1 ≤ j ≤
κ(G)}, and, for each j in [κ(G)], set Aij := {x|x ∈ V (Gi), {x, uj} ∈ E(G)}. For each j in [κ(G)], bi has at most one neighbor in Aij;
otherwise, bi and uj will be contained in a C4. Therefore, |NG(bi)(U(κ(G)j=1 Aij))| ≤ κ(G)+12 + κ(G) = 3κ(G)+12 . If d = 4,
then κ(G) ≤ d+12 = 52 ; therefore κ(G) ≤ 2. Hence, |NG(bi)

(U

(
κ(G)
j=1 A
i
j))| ≤ 72 < 4; therefore there exists some vertex
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in NG(bi)which is not in U

(
κ(G)
j=1 A
i
j). Accordingly, there exists some ai in V (Gi) such that NG(ai)

U = φ. If d > 5, then
3κ(G)+1
2 ≤
3
2 (d+1)+1
2 = d+ 5−d4 < d. Hence, there exists some ai in V (Gi) such that NG(ai)

U = φ.
Case (2): d = 5. If U = φ, there is nothing to prove. If U ≠ φ, similar to the previous case, there exists some bi in V (Gi)
such that |NG(bi)U| ≤ κ(G)+12 . Again, let U = {uj|1 ≤ j ≤ κ(G)}, and, for each j in [κ(G)], define Aij := {x|x ∈ V (Gi),
{x, uj} ∈ E(G)}. Since, for each j in [κ(G)], bi has at most one neighbor in Aij, we haveNG(bi)

U
κ(G)
j=1
Aij
 =
NG(bi)U

NG(bi)
κ(G)
j=1
Aij

≤
NG(bi)U
+
NG(bi)

κ(G)
j=1
Aij

≤ κ(G)+ 1
2
+ κ(G).
Obviously, if κ(G) < 3 or |NG(bi)U| < 2 or |NG(bi)(κ(G)j=1 Aij)| < 3, then |NG(bi)(U(κ(G)j=1 Aij))| < 5, and
the assertion follows. If none of these three conditions holds, V (Gi) has at least three elements bi1 , bi2 , and bi3 , different
from bi. Since G contains no 4-cycle, there exists some l in {1, 2, 3} such that |NG(bil)

U| ≤ 1. The vertex bil has at
most three neighbors in
κ(G)
j=1 A
i
j; therefore |NG(bil)

(U

(
κ(G)
j=1 A
i
j))| ≤ 4. Hence, there exists some ai in V (Gi) such
that NG(ai)

U = φ.
We conclude that there exist some a1 in V (G1) and some a2 in V (G2) such that NG(a1)

U = φ and NG(a2)U = φ. For
each i in {1, 2}, vertex ai has atmost κ(G) neighbors inκ(G)j=1 Aij; therefore |NG(ai)\(κ(G)j=1 Aij)| ≥ d−κ(G) ≥ d− d+12 = d−12 .
We are now in a position to show that ϕ(G) = d+ 1. In order to color G, we consider two cases: d is even and d is odd.
Suppose first that d is even. In this case, |NG(ai) \ (κ(G)j=1 Aij)| ≥ d−12 . So |NG(ai) \ (κ(G)j=1 Aij)| ≥ d2 . Let x1, x2, . . . , x d2 be d2
pairwise distinct elements ofNG(a1)\(κ(G)j=1 A1j ). We color vertex a1 by color 1, and, for each i in [ d2 ], we color xi by color i+1.
Thenwe color all elements ofNG(a1)\{x1, x2, . . . , x d
2
}by all colors that are in the set [d+1]\[ d2+1] injectively. Therefore, a1 is
a color-dominating vertexwith color 1. For each i in [ d2 ], defineVi := NG(xi)\({a1}

NG(a1)), Ci := {2, . . . , d+1}\ (the set of
colors that have already appeared on {xi}(NG(xi)NG(a1))), and Si := {a1}NG(a1)(ij=1 Vj). Obviously, Vi ⊆ V (G1).
Besides, |Vi| = |Ci| = d− 1 or |Vi| = |Ci| = d− 2. Moreover, |Vi| = |Ci| = d− 2 if and only if |NG(xi)NG(a1)| = 1. Also,
for all natural numbers i and j in [ d2 ], if i ≠ j, then Vi

Vj = φ. Now, we follow d2 steps inductively. For each i in [ d2 ], at the
i-th step, we color all vertices of Vi by all colors of Ci injectively to make xi a color-dominating vertex. Suppose by induction
that 1 ≤ i ≤ d2 , and, for each k in [i − 1], at the k-th step, we have colored all vertices of Vk by all colors of Ck injectively
in such a way that the resulting partial coloring on Sk is a proper partial coloring. Now, at the i-th step, we want to color all
vertices of Vi by all colors of Ci injectively in such a way that the resulting partial coloring on Si is a proper partial coloring.
We consider a bipartite graph Hi with one partition Vi and the other partition Ci such that an element v in Vi is adjacent to
a color c in Ci in graph Hi if and only if (in graph G) v does not have any neighbors in Si already colored by c. Such a coloring
of all vertices of Vi by all colors of Ci (as mentioned) exists if and only if Hi has a perfect matching.
Let v be an arbitrary element of Vi. The set of neighbors of v in graph G that were already colored is a subset of
{xi}(i−1j=1 Vj). On the one hand, since G contains no 4-cycle, for each j in [i− 1], v has at most one neighbor in Vj. On the
other hand, the color of vertex xi does not belong to Ci. Therefore, degHi(v) ≥ |Ci| − (i− 1). Also, since, for each j in [i− 1],
xj is a color-dominating vertex, each color of [d + 1] appears at most once on Vj. Therefore, for each c in Ci, degHi(c) ≥
|Vi| − (i− 1). Hence, for each x in V (Hi), degHi(x) ≥ |Vi| − (i− 1). Since |Vi| ≥ d− 2 and 1 ≤ i ≤ d2 , |Vi| − (i− 1) ≥ |Vi|2 ;
therefore degHi(x) ≥ |Vi|2 . So Lemma 1 implies that Hi has a perfect matching, and we are done.
We conclude that we have a partial coloring on S d
2
such that all colors that are in the set [ d2 + 1] realize.
Since G1 and G2 are two distinct connected components of G \ U , there are not any edges between V (G1) and V (G2) in
graph G. Similarly, there exists a partial coloring on a subset of V (G2) such that all colors that are in the set [d+ 1] \ [ d2 + 1]
do realize. Since there are not any edges between V (G1) and V (G2) in graph G, these two different partial colorings form a
partial coloring in graph G such that all colors of [d + 1] are realized. This partial coloring can be extended to a coloring of
G greedily; therefore ϕ(G) = d+ 1.
A similar proof can be done for the case where d is odd. For each i in {1, 2}, |NG(ai) \ (κ(G)j=1 Aij)| ≥ d−12 . There exists a
partial coloring on a subset of V (G1) such that all colors that are in the set [ d+12 ] realize. Also, there exists a partial coloring
on a subset of V (G2) such that all colors that are in the set [d+1] \ [ d+12 ] are realized. Since there are not any edges between
V (G1) and V (G2) in graph G, these two different partial colorings form a partial coloring in graph G such that all colors of
[d+ 1] are realized. This partial coloring can be extended greedily to a coloring of G. Therefore, ϕ(G) = d+ 1. 
The following theorem can be proved similarly. We have omitted its proof for the sake of brevity.
1614 S. Shaebani / Discrete Applied Mathematics 160 (2012) 1610–1614
Theorem 4. Let G be a d-regular graph that contains no 4-cycle. If κ(G) < 3d−34 , thenmin{2(d − κ(G) + 1), d + 1} ≤ ϕ(G).
Besides, if there exists a subset U of V (G) such that |U| = κ(G) and G \ U has at least four connected components, then
ϕ(G) = d+ 1. Moreover, if κ(G) < 2d−13 and there exists a subset U of V (G) such that |U| = κ(G) and G \ U has at least three
connected components, then ϕ(G) = d+ 1. If the girth of G is 5, 3d−34 and 2d−13 can be replaced by 3d4 and 2d+13 , respectively.
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